Using tight-binding model with nearest neighbour interactions, the optical properties of carbon nanotubes under the influence of an external magnetic field are analyzed. First, dipole matrix elements for two cases of light polarized parallel as well as perpendicular to the nanotube axis are analyzed. A close form analytic expression for dipole matrix is obtained for carbon nanotubes with arbitrary chirality in the case of light polarized parallel to the nanotube axis. Then the diagonal and off-diagonal elements of the frequencydependent susceptibility in the presence of an axial magnetic field are investigated. The off-diagonal elements are applied to calculate the interband Faraday rotation and the Verdet constant. These effects should be clearly detectable under realistic conditions using weak magnetic fields.
Introduction
The rotation of the polarization of a plane-polarized electromagnetic wave passing through a substance under the influence of a static magnetic field along the direction of propagation is known as the Faraday rotation [1, 2] . It arises because right circular polarization and left circular polarization waves propagate with different phase velocities, and a phase difference results between the two waves. For a weak absorption and then ignoring the extinction coefficient, the wave vector components ( ± ) of a linearly polarized light have different refractive indices ± , and then the rotation of the polarization plane known as optical Faraday rotation is proportional to the difference in the refractive indices, + − − . The Faraday rotation for solids, liquids, and gases has been investigated both theoretically and experimentally [2] [3] [4] [5] [6] [7] [8] . Optical Faraday rotation near the resonance regime has been proposed to measure a single-electron spin in a single quantum dot inside a microcavity [9] . Numerical calculations have been made [10] to calculate the Faraday rotation in graphite by extrapolation from high-field tight binding calculations. It has been demonstrated that the graphene turns the polarization by several degrees in modest magnetic fields [11] . Experimentally, Faraday rotation is measured mainly under nonresonant conditions, that is, for frequencies far from resonance, where the absorption is weak. In this case, the angle of rotation is proportional to the imaginary part of the off-diagonal elements of susceptibility. By studying the offdiagonal elements of susceptibility, the goal of this paper is to investigate the Faraday rotation in single-walled carbon nanotubes (SWCNs) threaded by a parallel magnetic field. Hence, we calculate the off-diagonal elements of susceptibility in the presence of magnetic field. For a weak magnetic field and a nonoptically active solid, one can treat the Faraday effect as a first-order effect in . We will therefore concentrate on the low magnetic field limit to expand the off-diagonal elements of the susceptibility tensor to the first order in the magnetic field and calculate the Faraday rotation as a first-order effect in . While the diagonal elements of the susceptibility are quite insensitive to even huge magnetic fields, rather modest fields lead to detectable changes in the off-diagonal response. In particular, we compute the Verdet constant of CNs in aqueous dispersions and show that under realistic conditions, the CN signature should be clearly detectable above the background.
This paper is organized as follows. In Section 2, we present a general reduced form of the Hamiltonian for CNs in the presence of an external magnetic field and analyze the corresponding eigenvalues and eigenvectors. In Section 3, we discuss the dipole matrix elements for two cases of light polarized parallel as well as perpendicular to the nanotube axis, and then obtain diagonal and off-diagonal elements of the optical susceptibility tensor in the presence of a magnetic field. Expanding the off-diagonal elements to the first order in the magnetic field, we obtain the Faraday rotation and the Verdet constant for CNs in Section 4. Finally, a summary is given in Section 5.
Tight-Binding Framework
First of all, we study the electronic structure of CNs denoted by ( , ) notation in the presence of an external magnetic field. In our old paper [12] , based on tight-binding approximation, we used a four by four Hamiltonian matrix for zigzag CNs and did some calculations to provide analytic expressions for the off-diagonal elements of the linear susceptibility in the presence of magnetic field and then we studied the Faraday effect in zigzag CNs. In this paper, we intend to use a two by two Hamiltonian matrix instead for all different kinds of CNs which is more convenient and study the Faraday effect in CNs with arbitrary chirality. Considering only nearestneighbour interactions, the nonzero Hamiltonian elements ( ) ( ⃗ ) = ( ) * ( ⃗ ) in the presence of an axial external magnetic field are given by [12, 13] 
where 0 ∑ exp(− ⃗ ⋅ ⃗ ) is known as the Hamiltonian matrix elements for zero magnetic field, 0 ≈ 2.89 eV is the nearest neighbor overlap integral, ⃗ ( = 1, 2, 3) are the nearest neighbor carbon atom vectors from to sites, and > 0 is the elementary charge. Moreover, Δ ( ) is given by [12] Δ ( ) = ∫ 1 0 ⃗ ⋅ ⃗ ( ⃗ 0 + ⃗ ( − 1)) .
Here, ⃗ 0 is the position vector of carbon atom in the 0th unit cell, and ⃗ is the vector potential associated with the magnetic field. The magnetic field ⃗ =̂is along the nanotube axis, and the symmetric gauge ⃗ ( ⃗ ) = /2(− , , 0) is applied. Therefore, one can obtain the phase factor associated with the magnetic field as follows:
Taking atom at the origin as 0 , the phase factor for its three nearest neighbour atoms is given by [13] 
2 ,
Here, is the radius of a CN and because of the smallness of angles, the approximations sin( ) = are made, and s as the associated angles of the three nearest neighbour atoms are given by [13] 
Introducing the above equations into (1), one has
where = − = / √ 3 is the bound length of grapheme, and the wave vector components are defined by
where 1 = 2 , = 0, . . . , − 1 are quantized wave vectors in the circumferential direction parallel to the chiral vector ⃗ , − / ≤ 2 ≤ / is a longitudinal continuous wave vector parallel to the translational vector ⃗ , and = /6 − cos −1 [(2 + )/(2 √ 2 + 2 + )]. Solving the Hamiltonian equation, the energy eigenvalues are given by
Here,
The similar results have previously been obtained by others [14] [15] [16] . The obtained eigenvalues demonstrate a metalsemiconductor transition depending on the magnitude of the field [16] . Increasing the magnitude of the field leads to an increased band gap in metallic CNs and a reduced band gap for semiconductor CNs for a limited range of magnetic field. However, the changes will not always be smooth but show a periodic behavior. Using ( ) ( ) and ( ) V ( ) to solve the eigenvector problem, the corresponding normalized eigenvectors are given by
Previously, it was shown that orbital overlap is essential for a correct description of off-diagonal magneto-optical effects in graphite as well as zigzag CNs [11, 12] . The energy dispersion relation for the above Hamiltonian matrix, including the overlap matrix, is given by [11] ,
where 2 = −5 eV is the on-site energy, 0 = 0.1 is the nearest-neighbor overlap integral [10] , and the eigenvectors are the same as those of the Hamiltonian matrix without considering the overlap. As mentioned in [12] , by including the overlap matrix, the symmetry between valence and conduction bands is removed and then leads to the compression of the valence bands and the expansion of the conduction bands.
Magneto-Optical Properties
We take the constant magnetic field along the direction (the direction of the nanotube axis) and first calculate the dipole moment elements for two cases of light polarized parallel as well as perpendicular to the nanotube axis. Hence, through (14) in [13] as a general equation, the dipole moment elements are given by
Here, is the number of unit cells, V ( ⃗ , ⃗ ) = ( ) ( ⃗ ) − ( ) V ( ⃗ ), ⃗ V , atomic dipole vectors defined by (13) in [13] are independent of magnetic fields, and , ( V , ) are magnetic-dependent elements of conduction and valence eigenvectors for two atoms and , respectively, defined by (10) . In the case of parallel polarization, all atoms in different cells have the same component of the atomic dipole vector and similarly for all atoms. Therefore, the axial ( ) component of the dipole matrix element is given by
In analogy with (6) in [17] , the component of the dipole matrix element for all SWCNs is given by
Obtaining a general analytical form for dipole matrix elements in the presence of magnetic field is one of the most interesting results obtained in this paper. It is shown that the dipole moment vanishes for transitions between bands with different . Figure 1 shows the component of the momentum ( ) matrix element for a (8, 8 ) CN, where = ( /ℎ ) V and the magnetic field = 100 T. In comparison with our plots in the absence of magnetic field, two sharp peaks have been created for subband transitions of (8, 8) in the presence of magnetic field. By means of equations (18a) and (18b) in [13] , the component of electric dipole vectors for light polarized perpendicular to the nanotube axis is given by
For the component of electric dipole, the following relations are established. For = + 1 case, ⃗ ,V ⃗ = − ⃗ ,V ⃗ and for = − 1 case, ⃗ ,V ⃗ = ⃗ ,V ⃗ . Figure 2 shows the component of the absolute value of the momentum ( ) matrix element for a (10, 10) CN, where = ( /ℎ ) V and the magnetic field = 100 T. The results of (14) and (16) are in full agreement with similar equations in [18] .
To discuss the diagonal as well as off-diagonal susceptibility, we start with the general form of the linear susceptibility defined by [12] ( ) = 1
Here, ⃗ ,V ⃗ are dipole moment elements for a transition between valence band V and conduction band at wave vectors and , the nanotube cross-sectional area = 2 , 0 is the vacuum permittivity, is the length of the unit cell, and Ω = + Γ contains the photon frequency and the broadening parameter Γ. It is found that the diagonal susceptibility ( ) is quite insensitive to the magnetic perturbation. Now we try to obtain the off-diagonal elements of susceptibility tensor. The off-diagonal susceptibility elements are zero in the absence of magnetic field. However, magnetic field leads to the nonzero off-diagonal elements which could be used to study the Faraday effect in SWCNs. Using equations (18a) and (18b) in [13] and relations between them, (18) can be written as
where
Inserting the eigenvector equations and atomic dipole vectors into (19), we get the off-diagonal elements of susceptibility for SWCNs with arbitrary chirality in the presence of a magnetic field.
Linear Order of Magnetic Field
As mentioned in our earlier calculations for zigzag CNs, when the external magnetic field is weak, we can treat the Faraday effect as a first-order effect in . We will therefore restrict our calculations to weak magnetic fields. We ignore the relatively weak field dependence of the terms + ⃗ ,V ⃗ , and − ⃗ ,V ⃗ and then expand the denominator of (19) to the first order in and express the susceptibility as ( , ) = ( (+) ( ) − (−) ( )) × . Moreover, it can be shown that (+) ( ) = − (−) ( ), and therefore one can write ( , ) = 2 (+) ( )× . After some simplifications, the fieldindependent coefficient (+) ( ) is given by
where ⃗ ,V ⃗ can be found by differentiated from (11) and then insert = 0, is given by
In the same manner for ( ), the wave vector is inserted by , where ( , ) = ( =0) ( , ).
No analytic calculation has been obtained for (21); however, in the form given, the integral is easily computed for all SWCNs numerically. Real ( ) and imaginary ( ) parts of the off-diagonal elements of the susceptibility tensor for (11, 0), (13, 0), and (17, 0) CNs are shown in Figure 3 . A very prominent resonance peak is observed for semiconductor zigzag CNs with odd .
The off-diagonal elements of the susceptibility tensor for (10, 0), (14, 0) , and (20, 0) zigzag CNs are shown in Figure 4 , and those for CNs with arbitrary chirality including (6, 4) , (8, 6) , and (10, 6) CNs are shown in Figure 5 .
The behaviour of CNs with arbitrary chirality is almost similar to zigzag CNs with even. Although each CN shows some resonance peaks for real as well as imaginary parts of the off-diagonal susceptibility, the peak positions are different for different CNs. Therefore in an ensemble of CNs we expect that the dominant resonance peaks are related to zigzag CNs with odd. As mentioned in our earlier paper, the plots are obtained using a rather large broadening of ℎΓ = 0.15 eV [12] , which corresponds to relatively disordered samples. Using higher quality samples will only increase visibility. Now we use the off-diagonal susceptibility to find the Faraday rotation and the Verdet constant. We consider aligned CNs suspended in a solution, and then the Faraday rotation at low magnetic fields is given by [12] = ,
where is the wavelength, is the path length, and is the refractive index of the suspension. In our earlier calculations of investigating Faraday rotation for zigzag CNs, we considered water as suspension and then took ≃ 1.3, and the absorption coefficient of the suspension was ignored. For simplicity, we choose the same suspension and then subsequently calculate the Verdet constant via the relation = . Hence, the Verdet constant is defined by = (2 / ) Im (+) ( ). The energy dispersion of the Verdet constant for different semiconductor CNs threaded by a parallel magnetic field is plotted in Figure 6 constant for semiconductor zigzag CNs with odd exhibits a very prominent resonance at ℎ ≃ 5 eV. But for CNs with arbitrary chirality and zigzag CNs with even , some resonances at different positions with different energies are found. Figure 7 demonstrates the Verdet constant related to a few of CNs. By including more CNs, only the peaks related to Zigzag CNs with odd happen at the same energy. Therefore, since averaging over an ensemble of CNs would normally tend to blur individual resonances, the prominent structures related to Zigzag CNs with odd are expected to prevail for ensembles containing many different semiconducting CNs.
Summary
A theoretical investigation based on a nonorthogonal tightbinding description has been made to study the Faraday effect in CNs. First dipole matrix elements of CNs have been calculated under the influence of a magnetic field. A close form analytic expression has been obtained in the case of light polarized parallel to the nanotube axis. Then the linear susceptibility of CNs has been investigated. The diagonal elements show no changes under the influence of an external magnetic field. The off-diagonal elements of the susceptibility tensor under the influence of an axial external magnetic field have been calculated semianalytically and expanded to the first order in the magnetic field. We have applied the obtained expressions to find the Faraday rotation and the Verdet constant of CNs for arbitrary chirality. demonstrated at ℎ ≃ 5 eV, which is expected to prevail for ensembles containing many different CNs.
